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On Operators Commuting with Toeplitz Operators 
Modulo the Compact Operators 
KENNI;TII R. DAVIDSON 
\I’e prove that an operator on H2 of the disc commutes module the compacts 
with all analytic Toeplitz operators if and only if it is a compact perturbation of 
II Torplitz operator with symbol in H” -;- C. Consequently, the essential com- 
mutant of the whole Toeplitz algebra is the algebra of Toeplitz operators with 
symbol in QC. The image in the Calkin algebra of the Toeplitz operutors with 
s>-mbol in H” +- C is a maximal abelian algebra. These results lead to a charx- 
terization of automorphisms of the algebra of compact perturbations of thr 
analytic Toeplitz operators. 
Johnson and Parrot [7] showed that if M is an abelian VOII Neumann algebra 
on a Hilbert space H, ilZ’ is its commutant, and Z’%?(H) is the idcal of compact 
operators on H, then the essential cornmutant of A2 is :\I’ 1 95(H). About the 
same time, Sarason [8] showed that a Toeplitz operator r, on H” of the unit 
circle commutes modulo the compacts with all analytic Toeplitz operators if 
and only if g is in II-; $- C. Here C denotes the space of continuous functions 
on the unit circle. From this, Douglas [6] showed that the essential center of 
the Toeplitz algebra is the algebra of Tocplitz operators with symbol in QC - = 
H” cc---- + C n H + C. Douglas [4] raised the natural question of which operators 
in ~Y’(FI”) essentially commute with all Toeplitz operators. 
In this paper we prove the following Theorem, which gives a complete answer 
to this question. 
THEOREM 1. L!in operator S ON H? commutes module compucts with a/l anabjtic 
Toeplita operators if and on/y ;f S T, - A’, where g is in II% + C’ and K is 
compact. 
From this we get two immediate corollaries. 
COROLLARY 1. The essential commutant of the Toeplitz algebra .F(I,“) is 
3&q. 
COROLLARU 2. The image qf .Y(H” + C) in the Calkin alyebvn is a masimal 
abelian algebra. 
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As far as the author knows, Corollary 2 gives the first concrete example of a 
maximal abelian algebra in the Calkin algebra which is not an image of a maximal 
abelian von Neumann algebra. (That the latter is an example is a consequence 
of [7].) 
‘The author would like to point out that, although the techniques of this 
paper are quite different from those used in [7] , several important conceptual 
ideas for the proof were gleaned from the Johnson and Parrot paper. 
Let 9 be the unit disc, and let ii% be its boundary. Let Hz be the subspace 
of I,’ Z,“(W) of those functions with all negative Fourier coefficients equal to 
zero. Let ;\If denote the operator vn I,? of multiplication by the 1,’ function f. 
The Toeplitz operator T, with symbol f  is the compression of Nff  to H”. I f  -4 is 
a subset of I,‘, let F-(A) be the norm closed algebra generated by 17; : f~ A4i. 
Let 9(W) be the bounded operators on TJ?, and let LP%(H2) be its ideal of 
compact operators. Let r: 9(F) --f 5Y(H”)/BF’(H2) be the canonical homo- 
morphism onto the Calkin algebra. If  S is an operator, let D(X) : SS - S’S 
he the derivation on 9(W) induced by S. 
We will prove the following theorem, which is somewhat stronger than 
Theorem I. 
phlE~~~hr 2. If  an operator ,s in .Y(H”) is not the sum of a Toeplitz operator 
and a compact operator, then there is a function h E H” such that T,,S ~ ST,, is 
not compact. The function h may he taken to have at most one discontinuit?!. 
The proof will follow from a series of lemmas, but first we will outline the 
main ideas. I f  T,S - ST, is not compact, we can take h -~ z. So for the 
remainder of the proof, WC will assume that S essentially commutes with T2 . 
From this, it follows that S commutes mod& compacts with every Toeplitz 
operator with continuous symhol. We show that there is a subsequence A of 
the positive integers and a function f  in Lz, such that in the zu* topology on 
TP(H’), 
T, = lii T,,ST+, . 
Kext, we find a countable collection of disjoint closed intervals ix,,) of the unit 
circle such that ‘1 TX,S -- TX,,l j, :> 6 > 0. (H ere we take the liberty of denoting 
both xn and its characteristic function by the same symbol.) Combining the two 
preceding results, we obtain functions p,, in H” such that /j D(T,)li >- 6 and so 
that the partial sums of the series xp, are uniformly bounded. It follows that 
T,7L and D( T,,,) converge strongly to zero, so we are able to extract a subsequence 
T such that ?z -2 xV,Erp,L is in Hv- with the operators D(Tn,) almost mutually 
orthogonal. This will allow us to conclude that D( T?J is not compact. By choosing 
the functions p,, so that their closed supports cluster at only one point, we ensure 
that h has only one discontinuity. 
Let 2 be the net of inner functions ordered by divisibility. I f  w is an inner 
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function, let cr,, 5’ ~- T,ST,, . Let or1 _= gz,, C’onsider the sequence [o,,j- 
and the net {Us,,). Both are norm bounded, and hence lie in a zc* compact set. 
C’onsequently, they ha\,e ZU* limit points. 
LEMMA 1. Let S’ be in s(H”) with 7;s --- ST: compact, and let S’ be a zc” 
limit point of the sequence (D,]. Then, 
(1) T,S ~- ST, is compact for all continuous functions g. 
(2) S’ zc” lim,,, on for a subsequence A of N. 
(3) s --- S’ 7; for some f  in Lz-. 
(4) S’ - T&ST, =m- CJ~ for all continuous inner functions 6. 
(5) zu* lim,,, T,,,Tc,ST,,C =m~ T,, for all continuous functions g. 
The operator S’ is compact if and on& if S is a compact perturbation of a Toeplitz 
operator. In this case, in the norm topolog!,, 
lim 07z 7 S’ and lim T,,S’T 0. n-+ I> N .Ic z” 
Let S -- T,ST,, be compact for all inner functions w E 2, and let S’ 
zv lim,,, o‘,, for a subnet A of 2. Then, 
(4’) S’ -- TJT,:, == oU, for all inner functions W. 
(5’) u)* lim,,, T,T,JTC,, : T,,, for all h in I?. 
I f  s == Tf $- X is in the Toeplitz algebra, mhere X belongs to the commutator 
ideal of F(La), then 
iii CT,,, x in norm. 
I’roof. The set of operators {Dam} lies in the ball of radius 2 ii S ~1, which is wx 
compact and metrizable. Hence the w * limit point S’ can be taken to be the 
limit of a subsequence A of N. Since n(S) and r(T,) commute in the Calkin 
algebra, z-(S) commutes with ~T(TJ -~ n(T,))l. Hence S commutes modulo 
compacts with Ti , and, therefore, also with F(C), the C* algebra generated 
by T, . 
I f  K is compact, lim,,, T&T,, == 0 in norm since T,, - 0 in the weak 
operator topology. Let b be a continuous inner function. Then, 
S’ - T6S’7; = zu* iEi (S - T,,STz,) - T,(S - TinSTzn) Tb 
zu” l$ (5’ - T$T,) ~ T&S - T$‘T,) T;,, 
But, S - TJT, == T6(T$ - ST,) is compact, so the second term tends to zero 
in norm. So, S’ - T&?T, -= S - Tr$‘TO = (TV. In particular, for b = I, 
S - S’ = T,(S ~ S’)TZ . This is the functional equation determining the 
Toeplitz operators [I]. So there is a function f  in L” such that S =z T, 2. S’. 
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Now it follows that 1; == ul* lim,,lEn T,,,Sl’,,, . Let k, , h, be functions in 
Hz n C. Then. 
= T,;,‘;“,,, 
2 
l’, ,r , , 
I ‘I 
since D( T,L ) is compact. 
2 
Since jhrh, : 17, , Ir, E fIz n C] is dense in C, it follows that 
W” lim 7’- ‘Y ST 
nt* zn a 
I - I, = T ‘II 
for all continuous functions g. 
If  S’ is compact, then S =- ‘I> A S’ and oli S’ ~ T,,S”T,, . Hence by the 
above remarks, we have lirn,.-, (7, ~~ S’ in norm. 
The proofs of (4’) and (5’) arc identical to the calculations for (4) and (5). 
In (5’) we note that (h,h, : /zr , h, E H”] is dense in 1,“. I f  S = T,- -r X with X 
in the commutator ideal of .Y(La), then u”, ~=:- S ~ T,Xll,,, . By Douglas [4], 
for anv F ‘-- 0, there is an inner function o such that 11 IYT,,, ‘1 < E. Hence 
limCuC-r u(,, == S. 
The nest lemma is a basic element in the proof of main theorem. Let .Y% be 
the space of piecewise continuous functions in F. Consider the function F: 
iY% --•f 9(1-I’) defined by F(X) = T,S - TX, , where f  is defined in terms of S 
as in Lemma 1. It is clear that if g, are in .YK, uniformly bounded in the sup 
norm, such that g,, t go pointwise, then F(gJ - F(g,) in the strong operator 
topology. We have F( 1) ~~~ S - T, =- S’, which is not compact unless S is a 
compact perturbation of a Toeplitz operator. Keep this function in mind to 
motivate the following lemma. 
LEMMA 2. Suppose F: 9% + %‘(H*) is a linear map such that: 
(Pl) I f  g,L aye in .‘P?? with ,’ g, !ln_) c.: M and R,, --+ g,, poinfiuise, then 
zu - limF(g,) :=~ F(g,J in the weak operator topology; 
(P2) F(1) is not compact, say 11 S(l)!1 >+ 01 :. 0; 
(P3) if f ,  g are in 9%’ and have disjoint closed supports, then F( f ) F(R) and 
F( f ) F(g) * are compact. 
Then, there exist characteristic functions (xn : n >I 11 in 3% of disjoint closed 
support such that 11 F(xn)!j > a/4. Th ese sets can be chosen to cluster at only one 
point. 
Consequently, there exist trigonometric polynomials h, such that I h,, 1, :.< 2, 
1, h,(l - x,J ..I 2 )I, and ! F(h,J > 01/4. 
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Remark. Since xn is in 8% it is the finite union of closed intervals. \Ve can 
suppose, in fact, that xs is a closed interval if we change the constant to CK/S. 
Proof. Let 8 be the collection of all characteristic functions x of closed 
intervals such that IiF(x > a/4. Let 
Here ; x 1 is the linear measure of x as a subset of the circle. We claim that E is 
nonempty. For if E is empty, then, since it is the intersection of nested closed 
sets, one of these sets is empty. That is, there exists an integer n such that 
x I :< 1 /n implies that II F(x)/, < a/4. 
Divide &’ into an even number of closed intervals xi , i -= I,..., 2k, which 
are disjoint except for their endpoints, so that 34 : u xi. Each of the two 
collections {xi : i is odd:, :x, : i is even] consist of mutually disjoint closed 
intervals. \Ve have 
Therefore, for E = 1 or -I, we have ‘j rr(F( 1) + &‘(I)*), > a. Let A -= 
z-(F(I) -+ <F(l)*). Let Aj _ rr(F(xi) + l F(x~)~). By (P3), if xi, xj are disjoint, 
then A,Aj : 0. Hence {.A; : i odd) (respectively, even) is a finite collection of 
normal, commuting, mutallv annihilating operators. Therefore, by a simple 
estimate on the spectral radius, we get 
The analogous inequality holds for i even. Now by the linearity of F, Cfi, Ai= A. 
So we have 
This contradiction shows that B is nonempty. 
Let x0 E E. We proceed by induction. Suppose we have chosen disjoint 
characteristic functions xi E 8, i = I ,..., n, with a, = C/(X,, , (J xi) > 0. Since 
.I-,) E E, we have 
+, E ((J {x E $‘: 1 x j :b a,i3})“. 
Hence, there exists a p in 8, ) ,J / < a,/3 such that li(r, , p) < a,/3. So, 
d(p., (J xi) > cr,/3. I f  x,, does not belong to p., iet x,+r -- p. Otherwise, set 
pf := p n (x: d(x, ,x00) > t}. Then I+ - p pointwise, so, by (PI), F&) --, F(p) 
296 KENNETH R. DAVIDSON 
in the weak operator topology. Since the norm is lower semicontinuous in the 
weak operator topology, and 1~ F&)1! > a/4, we see that there exists a t > 0 such 
that !I Fh)iI > @/4. Let xnll : CL, Then CX,, r d(r,, , UT=;, xi) > t 17 0. It is 
clear that the sets {x,J cluster only at x0 We remark that the sets pt may be the 
union of two intervals, say p and p Then since F(p,) = &P) + F@), we 
can chose one of these with norm greater than a!/%. 
Fix x xri , and choose continuous function gi such that 0 < g, & x and 
gi + x pointwise. We argue as above to find an integer i such that /I F(g,)lj :- 0114. 
Let kj be the jth Fejer mean of gi . Then I1 kj - gi /‘?. tends to zero as j tends to 
infinity, so again by the above argument we choose an integer j such that 
IlFkll > a/4 and also 18 ki -xi II < 2m~“. For x =. xn , let h,, =- ki . \Ve 
compute 
,~ h, /! * / gi 1 + 2-” & 2, 
I1 h,(l - xn)il < ijg$(l - xn);i +- 2-” = 22”. 
Hence we see that the functions h, satisfy the requirements of the lemma 
LEMMA 3. Let !U be a weakly closed subalgebra of Y(H2). Let 5’ be an operatop 
on Hz and D: 91 - Z(H2) be the derivation D(a) :~ aS - Sa. Suppose there 
exist 6 > 0, M > 0, and elements a?, in ‘21 such that !I D(u,)ll > 6 > 0 and 
I! c nEJ a, ji < M for all $nite subsets J of N. Then, there exists an element b in (21 
such that D(b) is not compact. 
Proof. We can assume that D(an) is compact for all n. iYe claim that a,, --+ 0 
in the strong operator topology. If  not, there is a unit vector h in N2 such that 
k, :. a,h has )~ k, 11 > 6, for all n in an infinite set 1. It is an elementary exercise, 
left to the reader, to show that we can find a finite subset J’ of J so that 
II Cd k, /I > M. This contradicts II zVtEJ, a, ;! < M. 
Let {zll : n 3 0) be an orthonormal basis for Hz. Let R, be the orthogonal 
projection onto the span of {zO ,... 1 ~~1. Now since a, --f 0 strongly, we also 
have D(a,) + 0 strongly. Using this fact and the compactness of D(a,), we 
can inductively choose a subsequence r of N and corresponding projections Q4 
which are finite dimensional and mutually orthogonal. These will be chosen 
so that for nL in r, we have 
(1) II QkwnJQk II > 6 
(2) II D(%,)(I - Qd < 3-Q, 
(3) ;I Rl,a,nRi, j < 2-k. 
I f  we have chosen n, ,..., nk and Q, ,..., Qti, -let Q = CQr . Since Q is finite 
dimensional and D(a,J + 0 strongly, we can find an a, such that /I R, I lanRlc+l I, < 
2-“-,r and 11 D(an)Q /I < 3 JC-P8. Then since D(a,) is compact, we can choose 
Qk+r orthogonal to Q, finite dimensional, so that (I) and (2) are satisfied. Set 
an,+, = a, . 
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For convenience, we relabel so that a,< == a,,L . Let b, x.,“=, a, I f  h, , h, 
are in R,H and k > 1 > n, then 
Since un R,H2 is dense in H2, and 1 0, ii .< &I for every k, we conclude that 
the sequence (b,} converges weakly to an element b in 2I. Hence D(b,) converges 
weakly to D(b). Therefore, since the 0, are finite dimensional, we have 
$ QnW) On = QJW Qn in norm. 
Hence, 
But if i f  n, 
;j QsD(ai) Q, 11 :=: 1~ Q),[D(aJ(I - Qi)] QZn // < 3-%. 
This is true for all Z, and the projections (Qn} are nonzero and mutually orthog- 
onal. It follows that D(b) is not compact. 
Proof of Theorem 2. We are now ready to complete the proof of our main 
theorem. Suppose S in 9(H2) is not the sum of a Toeplitz operator and a 
compact operator. We suppose that TJ - ST, is compact, for otherwise we 
can take h == Z. By Lemma 1, we choose a subsequence A of N, and a functionf 
in Lz such that 
S’ S - Tf = w* ki S - TJT,, . 
The operator S’ is not compact, say I/ r(S’)ll > 01 > 0. 
We apply Lemma 2 to the map F(g) == TJ ~ T,, . Because of the remarks 
preceding Lemma 2, we need only show that F satisfies P3. Letfr , f2 be piecewise 
continuous with disjoint closed supports. Let g, , g, be functions in C such that 
gi =: 1 on the support of fi , and grg, = 0. By Lemma 1, rT,. commutes with 
r&S’, and by [4], we have for every h in L”, 
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It follows that 
and the analogous relation holds for nF(fj)*.. Thus we have 
= nF(fJ . TT,,,,,i . TrF(fi) = 0. 
Hence F(f,)F(f?) is compact, and similarly- F(fr)F($z)” is compact. So, from 
Lemma 2, there exist trigonometric polynomials h,* and characteristic functions 
x,, of disjoint closed sets such that I h,, 3, ” A,(1 -- ~,~)l’ :.- 2 ‘I, and 
1, F(h,)l ‘:’ a/4. 
\\:e compute for Ir II,, 
T+T,,Zl(Tz,<) = T,,Th(II’z,S - STJ 
From the derivation identity, we have 
By lower semicontinuity of the norm, and the inequality I\ rl;,-S ~ T,, f 1; --: 
Ii Wdl :, a/4, WC can choose an integer /z in .x1 such that j/ TE&(l’zrhn),i ‘> -r/4 
and p, := zAh, belongs to IIx. LVe then have ~ D(T,J ::s 11 T&D(T, )‘! :.-, a/4, ,I 
and 
11 pn 1~ == I( Z”h, I -< 2, and ~ P,l(I -- xn)ll ~ ““h,,(l -. Xll)i’ : 2 ‘1. 
Now, if J is a finite subset of N, Iet p, _= x,,pJ p,2 . Then 
If p = 1 - L xm 1 then #ip,p Ij -< Clip+ / S: C 2~ IL = I. Hence pJ!, ::, 3 
for all finite subsets J. 
Therefore we can apply Lemma 3, with nrL II’,,,A and !!I .F(H’). This 
gives us a function h in ff~” such that D(T,,) is not compact. 
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\Yc have r,L -= w ~ lim Tb, where 6, C:=,P,~~ . The set [s: ! pll(.v) ;C 2~“) 
is contained in ,v~ , and the sets (~~1 cluster only at the point s,, . So the sequence 
{bn] converges uniformly on sets bounded away from x,, to a function which is 
continuous except at x0 . Hence h is continuous except at .Y,, . This concludes 
the proof. 
Proof of Theorem I. 11 ‘e will now prove the results stated in the first section. 
If  S commutes modulo the compacts with all analytic Toeplitz operators, it 
follows from Theorem 2 that S has the form S :- r, (- K, where K is compact. 
Therefore, we see from Sarason [8] thatJ‘is in f-1% -;- c‘. 
\Ve remark that if S is in the Toeplitz algebra, this result follows in a more 
elementarv wa!-. For then S :- 7; .~ XV, where S is in the commutator ideal of 
.7(/,‘). \Ve ha\-c that u,, ~~ T,( TJ - ST,,) is compact for every inner function 
W. So be I,emma 1, S ~~~ lim,,,, u<,, in norm, and hence -\I is compact. We now 
apply Sarason’s result as above. 
To prove C’orollary 1, we note that .Y(L”) is generated by .F(H”) and .Y(H”-). 
Hence 
C’orollary 2 is immediate from Ttlcorem 1 and the fact that ~.?(f1~ -j+ C) is 
abelian. 
C'OROLLART 3. If an operator S is not in F(Hx + C), then there is un inner 
jLnction w srrrh that ST,, - T,,,S is not compact. 
Proqf. Ily Theorem 1, there is an analytic function 12 such that S7X ~-- T,,S 
is not compact. A theorem of Marshall [IO] shows that the linear span of the 
inner functions is norm dense in U”. The set of noncompact operators is open, 
so we can approximate h bv a finite linear combination of inner functions 
C a+~, so that z CX~(S’~:,,~ --- FWZS) is not compact. 
Remar,k. Marshall’s results actually say more. If  we take h to be continuous 
except at .s,, , we can approximate h in norm by Blaschke products which arc 
continuous except at sa . So if S is not a Toeplitz operator plus a compact, we 
can find a Blaschke product b with zeros accumulating only at s,, for which 
SY’,, - r,,S is not compact. 
I~INITION. A derivation D of an algebra !X into itself is inner if D(.Y) ~- 
SS -- SS for some S in 91. 
C'OR~LLARY 4. Ewery deviuation D of F( Hz + C) into L%(fP) is inner. 
I’rooJ. The operator I) restricted to A%(H2) is a derivation of the compacts 
into themselves. It is well known [2] that every derivation on the compacts has 
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the form D(X) :: SS - &Xv for some S in 9(H”). I f  A is in .S(Hr - C) and 
K is compact, then 
D(AK) 7~ AKS -- SAK = (AKS - ASK) + (.4S - SA)K 
=~ AD(K) -; D(A)K = AKS --- ASK D(9)K. 
Therefore D(A)K = (AS - %4)K f  or every compact operator K. Hence 
D(A) =- AS - SA. Since , Y commutes with a11 A in .T(I-Im + C) modulo the 
compacts, we have that S is in F(H” )- C) by ‘Theorem 1. 
An immediate consequence of this is the following. 
COROLLARY 5. Every derivation of Y(L”) into the compact operators is of the 
form D(X) : XS - SX with S in F(QC). 
We consider the matrix-valued case. The operator algebra F(L”) c<~ M,, acts 
on Hz @ P, M, is the n x n matrix algebra over C. A general reference for 
this is Douglas [5]. 
COROLLARE. 6. A4n operator 5’ in Z(H2 @ @“) commutes module the compacts 
with all operators in F(H=) @ M, if and onl~~ if S ~-- T, @ I,, + K, where f  is 
in HE $- C and K is compact. 
Proof. Let S,, be the n x n matrix zero everywhere except for a 1 in the 
(i,j) entry. A simple computation of D(T,, @ Sij) for h in H- shows that 5’ has 
the desired form. 
COROLLARY 7. ,411 operator S in (Hz @ @)I) is in the essential commutant of 
F(L”) @ M, if and only if S = Tf 88 I, + K, where f is in QC and K is compact. 
THEOREM 3. Let a: be an automorphism of F(Ha) + F%?(H’). Then 01 is 
spatial, and has the factorization N = OPINE , where 
(1) 4Td = Tmf or a BZaschke factor b = h(~ - a)/(1 - ZZ), I a j < 1, 
and 1 h j = 1. Moregenerally, E,(A) ~7: U,*AD; for all A in F(Hm) + Y%‘(H*), 
where U,*f = e(f o 6) for f in Hz alzd e a unit vector in Hz 0 bH”. 
(2) +(A) = LTZ*ALr, for a unitary U, in F(QC). So U = T, + K, where 
g is unimodular in QC and K is compact. 
Proof. Since FZ(H’) is the unique minimal closed two-sided ideal in 
F(Ha) + Z%(H2), we must have a(9V(H’)) = Y%(H”). So, by a well- 
known theorem [3], there is a unitary- operator W such that a(K) _= W*KW for 
all K in Z%‘(HZ). If  A is in Y(Hm) + 9%(He), then (W*AW)(W*KW) 
W*AKW = a(AK) =m a(il) (Y(K) =-: cr(A)W*KW for all compact operators K. 
Hence a(A) = W”.sl W. 
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‘I’here is a natural map from the automorphisms of F(117) + Y%(W) onto 
the automorphisms of H” by projecting into the Calkin algebra. The algebras 
/{I, 3(Nz), and dF(H’) are isometrically isomorphic as Banach algebras, so 
WC can identify them here. The automorphisms of Hz are known [9, p. 1431 to 
be of the form m(h) =- h 0 b, where b is a conformal map of the disc onto itself. 
The kernel of this map is the set of automorphisms 01 such that a( 7;,) == 7’,, -1 K, 
vvitlr K compact. Since OL is spatial, it is induced by a unitary operator L’. So I - 
and 7;” essentially commute with .Y(H”). H ence I’ belongs to .7($X’). 
\Ve now show that automorphisms of .F(Fl’) are spatial. Let h be a conformal 
automorphism of the disc. Let e be a unit vector in Hz CC/ b1P. Define an operator 
on M’ by C-,-f e(f 0 b) for f  in P. Since e is in t17, it follows that e(f c b) is 
in iI’. X computation shows that ~ dh/& 1 = , e ,‘?. So ~ l.yl*f, 2 = J”, e(f 0 h) “ dz 
J” if L’ h rib/& / dz = J” ‘f I2 dz pi f  $f The operator L’t” is clearl! 
invertible, hence it is unitary on H2. If  h is in HI, 
7~1x’I’,,l~le(f 7 6) z-7 C’,*T,,f := e(ft’z c b) = (h o b) e(f? b) ~: T,ipb e(f 0 !I). 
Hence, C, = Tl, Lr, ~~ T,,oh . 
Let LY. he an automorphism of F(Ii”) -I- LP??(H*). Then xw is an automorphism 
of HT. This lifts to a spatial automorphism of rF(HK), q(A) =--- LTl*izC:, . Let 
a2 nr~‘a. Since ZQ., is the identity, we have CXJA) C:?“,IL’, , for some 
unitary lTL) in F(QC). 
Note ndded ill proof. Theorem 3 is also valid for the automorphisms of .7(H” I C). 
ACKNOWLEDGMENTS 
I would like to thank William .irveson for his encouragement, and for the helpful 
conversations that we had. I would like to thank Donald Sarason for his meticulous 
reading of the manuscript, and for his many helpful comments during its preparation. 
I would also like to thank R. G. Doclglas for suggesting an improvement in the proof 
of Theorem 3. 
REFERENCES 
1. A. BAO\~N AND P. R. HALnros, Algebraic properties of Toeplita operators, /. R&e 
Atzpnc. ~Vath. 213 (1963/64), 89-102. 
2. J. DEWIER, “Les Algitbres d’Op&ateurs dans 1’Espace Hilbertien,” Gauthier-Pillars, 
Paris, 1957. 
3. J. DIS~IIER, “Les C*-Algkbres et Leurs ReprCsentations,” Gauthicr-Villvs Paris, ‘ 9 
1964. 
4. R. G. I)OUGI.AS, “Banach .4lgebra Techniques in Operator Theory,” Academic 
Press, Sew York, 1972. 
5. R. G. DOUGLAS, “Banach Algebra Techniques in the Theory of Toeplitz Operators,” 
CMBS Reg. Conf., No. 15, Amer. Math. Sot., Providence, R. I)., 1973. 
302 KENNETH R. DAVIDSON 
6. K. G. DOUGLAS, 1,ocal Toeplitz operators, to appear. 
7. B. E. JOHNSON AND S. K. PARROT, Operators commuting with a van Neumann 
algebra module the compact operators, I. Functional Analysis 11 (1972), 39-61. 
8. I>. E. SARASON, On products of Toeplitz operators, Acta M&z. (Szqecf) 34 (1972). 
9. K. HOFPMAN, “Banach Spaces of Analytic Functions,” Prentice-Hall, Englen-ood 
Cliffs, N. J., 1962. 
IO. D. Ii. MARSHALL, Blaschke products generate H”, Bdl. Amer. Math. Sue. 82 (1976), 
494496. 
